In this paper we propose the time-dependent Hamiltonian form of human biomechanics, as a sequel to our previous work in time-dependent Lagrangian biomechanics [1] . This is the time-dependent generalization of an 'ordinary' autonomous human biomechanics, in which total mechanical + biochemical energy is not conserved. In our view, this time-dependent energetic approach is much more realistic than the autonomous one. Starting with the Covariant Force Law, we first develop autonomous Hamiltonian biomechanics. Then we extend it using a powerful geometrical machinery consisting of fibre bundles and jet manifolds associated to the biomechanical configuration manifold. We derive time-dependent, dissipative, Hamiltonian equations and the fitness evolution equation for the general time-dependent human biomechanical system.
Introduction
Most of dynamics in contemporary human biomechanics is autonomous (see [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] ). This approach works fine for most individual movement simulations and predictions, in which the total human energy dissipations are insignificant. However, if we analyze a 100 m-dash sprinting motion, which is in case of top athletes finished under 10 s, we can recognize a significant slow-down after about 70 m in all athletes -despite of their strong intention to finish and win the race, which is an obvious sign of the total energy dissipation. This can be seen, for example, in a current record-braking speed-distance curve of Usain Bolt, the world-record holder with 9.69 s, or in a former recordbraking speed-distance curve of Carl Lewis, the former world-record holder (and 9 time Olympic gold medalist) with 9.86 s (see Fig. 1 ). In other words, the total mechanical energy of a sprinter cannot be conserved even for 10 s.
So, if we want to develop a realistic model of intensive human motion that is longer than 7-8 s, we necessarily need to use the more advanced formalism of time-dependent mechanics. , with an initial condition: (0) = 0 (adapted from [11] ). Also, denotes maximal speed of the model curve, while is the initial running acceleration. The L-curve maximum occurs at 73 m, after which there is a wavy decline in speed.
In this paper, as a sequel to our previous work in timedependent Lagrangian biomechanics [1] , we use the covariant force law in conjunction with the modern geometric formalism of jet manifolds to develop general Hamiltonian approach to time-dependent human biomechanics in which total mechanical energy is not conserved.
Before we get into specific techniques of (time-dependent) Hamiltonian biomechanics, we remark here the three essential differences between a human (loco)motion system and a humanoid robot (or a mechanical multi-body system in general):
1. Human joints are more flexible than robot joints (see Fig. 2 ); 2. Human (or animal) muscular actuators are more complex then any robot actuators; they have their own excitation-contraction dynamics (defined in Sec. 4.3 below);
3. In a human (loco)motion system, total mechanical energy is not conserved but dissipated.
The covariant force law
Autonomous Hamiltonian biomechanics (as well as autonomous Lagrangian biomechanics), based on the pos-tulate of conservation of the total mechanical energy, can be derived from the covariant force law [2] [3] [4] [5] , which in 'plain English' states:
Force 1-form = Mass distribution×Acceleration vector-field and formally reads (using Einstein's summation convention over repeated indices):
Here, the force 1-form F = F ( ) = F ( ˙ ) ( = 1 ) denotes any type of torques and forces acting on a human skeleton, including excitation and contraction dynamics of muscular-actuators [12] [13] [14] and rotational dynamics of hybrid robot actuators, as well as (nonlinear) dissipative joint torques and forces and external stochastic perturbation torques and forces [6] .
is the material (mass-inertia) metric tensor, which gives the total mass distribution of the human body, by including all segmental masses and their individual inertia tensors. is the total acceleration vector-field, including all segmental vector-fields, defined as the absolute (Bianchi) deriva-tive˙ of all the segmental angular and linear velocities =˙ ( = 1 ), where is the total number of active degrees of freedom (DOF) with local coordinates ( ). More formally, this central Law of biomechanics represents the covariant force functor * defined by the commutative diagram:
Here, M ≡ M = { ( = 1 )} is the biomechanical configuration −manifold (Fig. 2) , that is the set of all active DOF of the biomechanical system under consideration (in general, human skeleton), with local coordinates ( ). The right-hand branch of the fundamental covariant force functor * : T T * M − → T T M depicted in (2) is Lagrangian dynamics with its Riemannian geometry. To each −dimensional ( D) smooth manifold M there is associated its 2 D velocity phase-space manifold, denoted by T M and called the tangent bundle of M. On the other hand, in each human (synovial) joint, besides gross Eulerian rotational movements, we also have some hidden and restricted translations along Eulerian/Cartesian (X Y Z )−axes. For example, in the knee joint, patella (knee cap) moves for about 7-10 cm from maximal extension to maximal flexion). Even greater are translational amplitudes in the shoulder joint. In other words, within the realm of rigid body mechanics, a segment of a human arm or leg is not properly represented as a rigid body fixed at a certain point, but rather as a rigid body hanging on rope-like ligaments. More generally, the whole skeleton mechanically represents a system of flexibly coupled rigid bodies, each of them defined by the Euclidean group of (rotational + translational) motions in R 3 (see text below for explanation). This implies more complex kinematics, dynamics and control then in the case of humanoid robots (see [7] for technical details). From dynamical perspective, the most important quantity in the tangent bundle concept is the smooth map : M → T M, which is an inverse to the projection π, i.e, π • = Id M π( ( )) = . It is called the velocity vector-field =˙ . 1 Its graph ( ( )) represents the cross-section of the tangent bundle T M. Velocity vector-fields are crosssections of the tangent bundle. Biomechanical Lagrangian (that is, kinetic minus potential energy) is a natural energy function on the tangent bundle T M. The tangent bundle is itself a smooth manifold. It has its own tangent bundle, There is a unique smooth map from the right-hand branch to the left-hand branch of the diagram (2):
It is called the Legendre transformation, or fiber derivative (for details see, e.g. [4, 5] ). Therefore, it is locally constant, and so ω = 0. 4 3 Recall that an exterior differential form α of order (or, a −form α) on a base manifold X is a section of the exterior product bundle ∧ T * X − → X . It has the following expression in local coordinates on X
where summation is performed over all ordered collections
. Ω (X ) is the vector space of −forms on a biomechanical manifold X . In particular, the 1-forms are called the Pfaffian forms. 4 The canonical 1−form θ on T * M is the unique 1−form with the property that, for any 1−form β which is a section of T * M we have β * θ = θ. Let : M → M be a diffeomorphism. Then T * preserves the canonical 1−form θ on T * M, i.e., (T * ) * θ = θ. Thus T * is symplectic diffeomorphism.
If (P ω) is a 2 D symplectic manifold then about each point ∈ P there are local coordinates { 1 1 } such that ω = ∧ . These coordinates are called canonical or symplectic. By the Darboux theorem, ω is constant in this local chart, i.e., ω = 0.
Autonomous Hamiltonian biomechanics
We develop autonomous Hamiltonian biomechanics on the configuration biomechanical manifold M in three steps, following the standard symplectic geometry prescription (see [2, 4, 5, 8] ):
Step A Find a symplectic momentum phase-space (P ω).
A symplectic structure on a smooth manifold M is a nondegenerate closed 2−form ω on M, i.e., for each ∈ M, ω( ) is nondegenerate, and ω = 0. The cotangent bundle P = T * M is our momentum phase-space. On P there is a nondegenerate symplectic 2−form ω is defined in local joint coordinates ∈ U, U open in P, as ω = ∧ . In that case the coordinates ∈ U are called canonical. In a usual procedure the canonical 1−form θ is first defined as θ = , and then the canonical 2-form ω is defined as ω = − θ. A symplectic phase-space manifold is a pair (P ω).
Step B Find a Hamiltonian vector-field X H on (P ω).
Let (P ω) be a symplectic manifold. A vector-field X : P → T P is called Hamiltonian if there is a smooth function F : P − → R such that X ω = F ( X ω denotes the interior product or contraction of the vector-field X and 
where I denotes the × identity matrix and ∇ is the gradient operator.
Step 
given by (7-9) such that
Time-dependent Hamiltonian biomechanics
In this section we develop time-dependent Hamiltonian biomechanics. For this, we first need to extend our autonomous Hamiltonian machinery, using the general concepts of bundles, jets and connections.
Biomechanical bundles and jets
While standard autonomous Lagrangian biomechanics is developed on the configuration manifold X , the timedependent biomechanics necessarily includes also the real time axis R, so we have an extended configuration manifold R × X . Slightly more generally, the fundamental geometrical structure is the so-called configuration bundle π : X → R. Time-dependent biomechanics is thus formally developed either on the extended configuration manifold R × X , or on the configuration bundle π : X → R, using the concept of jets, which are based on the idea of higher-order tangency, or higher-order contact, at some designated point (i.e., certain anatomical joint) on a biomechanical configuration manifold X . In general, tangent and cotangent bundles, T M and T * M, of a smooth manifold M, are special cases of a more general geometrical object called fibre bundle, denoted π : Y → X , where the word fiber V of a map π : Y → X is the preimage π −1 ( ) of an element ∈ X . It is a space which locally looks like a product of two spaces (similarly as a manifold locally looks like Euclidean space), but may possess a different global structure. To get a visual intuition behind this fundamental geometrical concept, we can say that a fibre bundle Y is a homeomorphic generalization of a product space X × V (see Fig. 3) , where X and V are called the base and the fibre, respectively. π : Y → X is called the projection, Y = π −1 ( ) denotes a fibre over a point of the base X , while the map = π −1 : X → Y defines the cross-section, producing the graph ( ( )) in the bundle Y (e.g., in case of a tangent bundle, =˙ represents a velocity vector-field). More generally, a biomechanical configuration bundle, π : Y − → X , is a locally trivial fibred (or, projection) manifold over the base X . It is endowed with an atlas of fibred bundle coordinates ( λ ), where ( λ ) are coordinates of X . Now, a pair of smooth manifold maps, 1 2 : M → N (see Fig. 4 ), are said to be −tangent (or tangent of order , or have a th order contact) at a point on a domain manifold M, denoted by 1 ∼ 2 , iff
In this way defined −tangency is an equivalence relation.
A −jet (or, a jet of order ), denoted by , of a smooth map : M → N at a point ∈ M (see Fig. 4 ), is defined as an equivalence class of −tangent maps at , : M → N = { : is − tangent to at } For example, consider a simple function : X → Y → = ( ), mapping the X −axis into the Y −axis in R 2 . At a chosen point ∈ X we have: a 0−jet is a graph: ( ( )); a 1−jet is a triple: ( ( ) ( )); a 2−jet is a quadruple: ( ( ) ( ) ( )), and so on, up to the order (where ( ) = ( ) , etc). The set of all −jets from : X → Y is called the −jet manifold J (X Y ). Formally, given a biomechanical bundle Y − → X , its firstorder jet manifold J 1 Y comprises the set of equivalence classes 1 , ∈ X , of sections : X − → Y so that sections and belong to the same class iff 
Given bundle coordinates ( λ ) of Y , the associated jet manifold J 1 Y is endowed with the adapted coordinates
In particular, given the biomechanical configuration bundle M → R over the time axis R, the 1−jet space J 1 (R M) is the set of equivalence classes 1 of sections : R → M of the configuration bundle M → R, which are identified by their values ( ), as well as by the values of their partial derivatives ∂ = ∂ ( ) at time points ∈ R. The 1-jet manifold J 1 (R M) is coordinated by ( ˙ ), that is by (time, coordinates and velocities) at every active human joint, so the 1-jets are local joint coordinate maps 1 :
The second-order jet manifold J 2 Y of a bundle Y − → X is the subbundle of J 2 Y − → J 1 Y defined by the coordinate conditions λµ = µλ . It has the local coordinates ( λ λ λ≤µ ) together with the transition functions [15] 
The second-order jet manifold J 2 Y of Y comprises the equivalence classes 2 of sections of Y − → X such that
In other words, two sections 
Nonautonomous dissipative Hamiltonian dynamics
We can now formulate the time-dependent biomechanics in which the biomechanical phase space is the Legendre manifold Π (see [15, 16] ), endowed with the holonomic coordinates ( ) with the transition functions = ∂ ∂ Π admits the canonical form Λ given by
We say that a connection
on the bundle Π → X is locally Hamiltonian if the exterior form γ Λ is closed and Hamiltonian if the form γ Λ is exact [15] . A connection γ is locally Hamiltonian iff it obeys the conditions:
Note that every connection Γ = ⊗ (∂ + Γ ∂ ) on the bundle Y − → X gives rise to the Hamiltonian connection Γ on Π − → X , given by
The corresponding Hamiltonian form H Γ is given by
Let H be a dissipative Hamiltonian form on Π, which reads:
We call and in the decomposition (11) the Hamiltonian and the Hamiltonian function respectively. Let γ be a Hamiltonian connection on Π − → X associated with the Hamiltonian form (11) . It satisfies the relations [15, 16] 
From Eqs. (12) we see that, in the case of biomechanics, one and only one Hamiltonian connection is associated with a given Hamiltonian form. Every connection γ on Π − → X yields the system of firstorder differential equations:
They are called the evolution equations. If γ is a Hamiltonian connection associated with the Hamiltonian form H (11), the evolution Eqs. (13) become the dissipative time-dependent Hamiltonian equations:
In addition, given any scalar function on Π, we have the dissipative Hamiltonian evolution equation where α and β denote dissipation parameters. Its partial derivatives give rise to the viscous-damping torques and forces in the joints = ∂R/∂˙ which are linear in˙ and quadratic in .
2. Muscular mechanics, giving the driving torques and forces = ( ˙ ) with ( = 1 ) for human biomechanics, describes the internal excitation and contraction dynamics of equivalent muscular actuators [12] .
(a) The excitation dynamics can be described by an impulse force-time relation
where F 0 denote the maximal isometric muscular torques and forces, while τ denote the associated time characteristics of particular muscular actuators. This relation represents a solution of the Wilkie's muscular active-state element equation [13] µ + Γ µ = Γ S A µ(0) = 0 0 < S < 1 where µ = µ( ) represents the active state of the muscle, Γ denotes the element gain, A corresponds to the maximum tension the element can develop, and S = S( ) is the 'desired' active state as a function of the motor unit stimulus rate . This is the basis for biomechanical force controller.
(b) The contraction dynamics has classically been described by the Hill's hyperbolic force-velocity relation [14] F H = F 0 − δ ˙ δ ˙ + where and denote the Hill's parameters, corresponding to the energy dissipated during the contraction and the phosphagenic energy conversion rate, respectively, while δ is the Kronecker's δ−tensor.
In this way, human biomechanics describes the excitation/contraction dynamics for the th equivalent musclejoint actuator, using the simple impulse-hyperbolic product relation for the general time-dependent human biomechanical system. This is the time-dependent generalization of an 'ordinary' autonomous human biomechanics, in which total mechanical + biochemical energy is not conserved. In our view, this time-dependent energetic approach is much more realistic than the autonomous one, as in living systems energy is never conserved.
